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theorems Suppose that p
is prime

and a
, saz ,

. .  .

,
an E Z with n 32 .

If p I a.az
. o . an

,

then p I ai
for some

i with

Is i En

proof's Let p
be a prime . [' I'÷f¥ed)

Let Scn ) be the statement :

" If p I a
,

a zoo
. an

where

÷:÷÷÷¥÷÷i÷÷n
.



We already proved SG ) is

2L
true in a previous class

[Ie
,

if pla.az ,
then Pla ,

or pla? 0-512 )

So we've proved the base case .

Let REZ ,
k 32 .

Assume Kk ) is true .

Jinshi:L!

We want to showSHH
) is true

.

Suppose p I a
,

a ooo an anti ,
where ai EZ

Z for is Ishtt

-
( a ,az

. .  oak ) . ( aktl )

Since SG) is true ,

either

PI a
,

azee . An or P
! Anti

cases: If P la ,
ai "

are
,

then since
SCH is

true ,
p 'tai where Isis k

case Otherwise planet ,

Therefore , p I an .

for some
Isis htt .



Thus
,

SHH ) is true .

3L
So

, by induction ,
Scn ) is true

for all n ? 2
.

-

⑦ ice

{ =-3 EEF
② Saanich



theorem: ( Fundamental Theorem

4L
of Arithmetic )

Let NEZ with n > 2
.

Then n factors into a product

of one or more primes .

Moreover ,

the factorization is

unique apart from the ordering

of the prime
factors .

n= 300

÷i¥÷÷:of the

prime
factors



proofi Let NEZ
,

n > 2
.

5L
We proved in a previous class

that n factors into a product

of one or more primes .

We now prove
the uniqueness

of

Such a
factoring .

Suppose n factors into two

different prime
factorizations .

By dividing off the common
factors

this would give
us

n =p ,
Pa

. .
. Ph

-

- 7,72
.

. .fm ( t )

Where Pi ,
Pz ,

. . . ,
Pu ,

9-1,9-2 ,
. .  yfm

are

all primes
and Pi # of ;

for all isj .

Explanationofaboue.TT
S . U . y . y . Z

÷÷÷¥÷÷÷÷÷::it
S . t . u . w = y . y . Z

P , Pz 13Py= A ,
9-29-3



Equation EH tells us that

6L
P,

I 9-19-2 . . . 9- m .

The previous theorem tells us that

Pil at j
for some IEJEM .

We had a theorem that tells

us that since p ,

and at ;
are

prime
and P ,

I 9- ; ,
we

must have p ,
= 9- j [ 1/25 pg . 7)

This contradicts
the previous page

Where we
said Pi # 9- j

for all is j .

Therefore ,

when we
factor n

into

primes ,

the factorization
is

unique up to the ordering
of

the prime factors .



Theory : Let a ,bEZ

7L
with a ,b > I .Suppose

that god ( a. b) =/

and ab = c

n

Where C
,

n EZ
,

C > I

,
n > I

.

Then there exist d
,

e EZ
,

with d > I

,
e > I and

a =D
"

and b=e
"

.

pro Suppose god ( asb)
=/

and D= ab
.

If a =/
,

then set D= I and e=c .

If b=l ,

then set D= a
and e = I

.

So for the remainder
of the

proof suppose
a > 2

,
b 72 .



Since god Ca
,

b)
=/

,
the prime

8L
factors of a and b are distinct

.

Thus
,

we have that

and

¥÷i÷÷±,Where Pi , Pa ,
.

. , pas are
distinct

primes
and a , ,

Az ,
ooo ,

Arts are

positive integers
with r > I

,

s > I
.

y

Suppose that Ea¥7?5c=fbiqY⇒
pi : pimp:3

is the prime
decomposition /b= 1¥41; as

of c where 7 , )
.  uyfk ' -

are
distinct primes

and bi > I
.



Since ab=c
"

we get that

Lg
pipa ?

. . prarp.li"

. .
. priests = qihqznb?

. . qnnbk

- -ab C

By the fundamental theorem of arithmetic

the left factorization and right

factorization
of the above equation

are
the same .

Thus ,

rts = k
,

and the primes

9- j
are

the same as the primes

Pj ( except for the ordering

possibly ) and the corresponding

exponents
are

the same .

Thus we mayrenumber / rearrange

the of
's so

that

9- ;
=p ;

for IE je rts .



And thus

lol
Aj = nbj for Ifjfrts .

So
,

a -_ pimpin .
. .prar= Rnb ' pan !

. .

prnbr

=L pipe .
.

.pt
)

"

d-
and

Nbrtl 2

b=pr+,

pants
"

.
. .

pants
's

= (pbrtip.FI.
.

.
priests )

"

e-

Set d-ep.bipzbz.i.p.br
brtti

. . .
prbiss

and e =p .



u
① (a) Given a ,beZ with bto ,

there exist by EZ with y to

and god ( x , y 1=1 and 5=5 -

gcd(x,y)=gcd(S,2
proof Let D= gcdca ,

b )
.

Then ,
x = I and y =L .

We know that x,yEZ
because

d la and dlb .

From class , god ( x , y )=gcd( Iihf 1=1 ,

And
, f- =%Id=yI .



① (d) Let p be prime .

It
.

Prove that Tp is irrational ,

proofs We will prove
this by

contradiction .

Suppose Tp is a
rational number .

By part Cal ,
we

can
write

Tp= ft where x
, y EZ

and y # O and gcdCx,y
Squaring

both sides gives

p=
.

or ,py ( * )



( * I tells us that plx ?

13L
Because p is prime and pl xx

we know

)Thus ,
X = pl where LEZ .

Plug x=pl into CK ) to get

pyZ= ( pl )
'

=p
'd

*÷E÷i÷÷÷Eanceiling gives y
'

= pl ?

So
, ply ? 6

Since p
is prime

and ply . y

we know

Since Ix and ply ,
P is a common

P divisor otmdxy
.



But then god C x. y ) > p .

14LThis contradicts gcdlx ,yI=l .

Thus ,
Tp is irrational .

-


